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1. Introduction
Recall that an M-group is a ﬁnite group G all of whose irreducible complex characters are mono-
mial. (This means that each irreducible character of G can be obtained by inducing a linear character
of some subgroup.) Recall also that by a fundamental result of K. Taketa, M-groups are solvable. (See
Corollary 5.13 in [4].) If G is an M-group, then of course, all of its primitive characters are linear,
and this observation has motivated an ongoing attempt to understand the primitive characters of
certain subgroups of M-groups, and if possible, to show that such characters must also be linear.
To mention just one example: Theorem C of [8] establishes that primitive characters of Hall sub-
groups of M-groups must be linear. (Of course, Hall π -subgroups exist for all prime sets π because
M-groups are solvable.) It is hopeless, however, to attempt to prove that primitive characters of arbi-
trary subgroups of M-groups must be linear since by a result of E.C. Dade, every solvable group can
be embedded in an M-group. In this paper, we consider primitive characters of maximal subgroups.
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Theorem A (M.L. Lewis). Let H be a maximal subgroup of an M-group G, where |G : H| is odd, and let β ∈
Irr(H) be primitive. Then β(1)2 divides |G : H|.
As Lewis pointed out, the oddness assumption in Theorem A is crucial since by a construction of
Dade, there exists an M-group having a subgroup H of index 2, where H has a primitive character of
degree 8. Here, we reﬁne Lewis’ theorem to obtain more precise information. We stress, however, that
our result relies on Theorem A, and we do not provide an independent proof of Lewis’ result. (We
mention that although in [11], Theorem A is proved using more general results in which primitivity
is not assumed, in this paper, we restrict attention to the case where β is primitive.)
Theorem B. Let H be a maximal subgroup of an M-group G, where |G : H| is odd, and let β ∈ Irr(H) be
primitive. Then exactly one of the following holds.
(1) β(1) = 1 and β extends to G. In fact, if H is not normal in G, then β has a unique extension η ∈ Irr(G).
(2) β(1) = 1 and η = βG is irreducible of degree |G : H|.
(3) β(1)2 = |G : H| and β uniquely determines a certain character η ∈ Irr(G) with η(1) = |G : H|.
Furthermore, if the character η of (2) or (3) is induced from a character μ of a subgroup J < G, then J is
maximal in G and μ is linear.
Given Lewis’ Theorem A, what is needed to prove the equality in Case (3) of Theorem B is, of
course, the inequality β(1)2  |G : H| when β neither extends to G nor induces irreducibly to G .
Although our proof of this inequality (in Theorem D) relies on the assumption that |G : H| is odd, the
authors do not know an example showing that oddness is really needed. The proof that β is linear in
Case (2) of Theorem B (where βG = η) also uses the oddness of |G : H|. The example of Dade cited by
Lewis, where β(1) = 8, shows that here, the oddness hypothesis is essential.
An example showing that Case (3) of Theorem B can actually occur is the group G of order
35 · 4 = 972, constructed as the semidirect product G = EC , where E  G is extraspecial of order 35
and exponent 3, and C is cyclic of order 4. Here, C acts trivially on Z(E), and its action on E/Z(E) is
Frobenius. Among the maximal subgroups of the group uniquely determined by this description, there
are ten of index 9, and exactly four of these have abelian Sylow 3-subgroups. (This can be checked
in the Magma software package, where the group G is SmallGroups(972)[777].) The irreducible
characters of G have degrees 1, 4 and 9, and the characters with degree 1 or 4 are essentially char-
acters of the metabelian group G/Z(E), and so they are clearly monomial. There are eight irreducible
characters of degree 9, and each of these is induced from a linear character of each of the four max-
imal subgroups with abelian Sylow 3-subgroups. Each of the six maximal subgroups of index 9 with
nonabelian Sylow 3-subgroups has a primitive irreducible character of degree 3, as wanted.
In Theorem B, we assume that G is an M-group, so it is solvable, and the odd-index maximal
subgroup H has prime-power index. Most of our work is in a more general context, where we do not
assume that G is an M-group or even that it is solvable. We assume instead that G is p-solvable for
some odd prime p, and we consider a primitive character of a maximal subgroup H , where |G : H| is
a power of p.
In the situation we have just described, suppose that β ∈ Irr(H) is primitive. It is comparatively
easy to prove that exactly one of the following must happen: either βG is irreducible; β is the re-
striction to H of some irreducible character of G , or there is some uniquely determined character
η ∈ Irr(G) associated with β in a sense that we will describe later. (In the latter situation, we say
that η is the FR-correspondent of β , and it is this character η to which we referred in Case (3) of
Theorem B.) Stating this more formally, we have the following.
Theorem C. Let p > 2 be prime, let G be p-solvable, and suppose that H ⊆ G is a maximal subgroup with
p-power index. Let β ∈ Irr(H) be primitive. Then exactly one of the following occurs.
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(2) β is the restriction to H of some character η ∈ Irr(G), and η is unique if H is not normal in G.
(3) β has an FR-correspondent in Irr(G).
The following is the main result of this paper. We will use Theorem D(b), (c) in the proof of
Theorem B.
Theorem D. Let p > 2 be prime, let G be p-solvable, and suppose that H ⊆ G is a maximal subgroup with
p-power index. Let β ∈ Irr(H) be primitive, and assume that β has an FR-correspondent η ∈ Irr(G). Suppose
that η = μG , where μ ∈ Irr( J ) and J < G. The following then hold.
(a) G = L J , where L = coreG(H).
(b) |G : H| β(1)2 .
(c) If equality holds in (b), then J is a maximal subgroup of G. Also, L∩ J = Z(η), and in particular, L∩ J G.
Furthermore, in this case, |G : J | = |G : H| and μ(1) = 1.
(d) If |G : H| fails to divide β(1)2 , then G is nonsolvable and |G : H| β(1).
We mention that we know of no example where |G : H| fails to divide β(1)2 in the situation of
Theorem D, so perhaps conclusion (d) never applies.
In Theorem D, we assumed that β has an FR-correspondent η. If that is not the case, then by
Theorem C, we can either write βG = η or β = ηH , where η ∈ Irr(G) is uniquely determined except
when H  G . If H is not normal, therefore, then in all three cases, there is an irreducible character η
of G that is naturally associated with β , and we ask what happens if η is not primitive. Theorem D
deals with the case where η is the FR-correspondent of β , and it is easy to see that if ηH = β , then η
must be primitive. If βG = η, then the following comparatively easy analog of Theorem D(a) applies,
and it will be used in the proof of Theorem B.
Theorem E. Let p > 2 be prime, let G be p-solvable, and suppose that H ⊆ G is a maximal subgroup with
p-power index. Let β ∈ Irr(H) be primitive, and assume that βG = η ∈ Irr(G). If η is induced from some
subgroup J of G, then either J is conjugate to H, or L J = G, where L = coreG(H).
2. Fully ramiﬁed correspondence
In this section, we review some of the material from [3]. The basic setup here is a pair of normal
subgroups L G and K G , where L < K and K/L is abelian. Let ϕ ∈ Irr(L) and θ ∈ Irr(K ), and assume
that ϕ and θ are invariant in G and that they are fully ramiﬁed with respect to K/L and to each
other. (Recall that this means that θL = eϕ and ϕK = eθ for some integer e, which necessarily satisﬁes
e2 = |K : L|.) In the language of [3], we say in this situation that (G, K , L, θ,ϕ) is a character-ﬁve.
Now assume that e is odd, or equivalently, that |K : L| is odd. (Actually, it suﬃces to assume that
2 does not divide both |G : K | and |K : L|.) Then there exist a subgroup H ⊆ G and a (reducible)
character ψ of G with the following properties.
(a) HK = G and H ∩ K = L.
(b) For each character χ ∈ Irr(G|θ), there exists a unique character ξ ∈ Irr(H|ϕ) such that χH = ψHξ .
(c) The map χ → ξ is a bijection from Irr(G|θ) to Irr(H|ϕ).
We shall see that ψ is uniquely determined by the character-ﬁve (G, K , L, θ,ϕ), and we refer to ψ as
the associated magic character. Also, we say that the bijection χ → ξ is a fully ramiﬁed correspon-
dence.
We can say more about the magic character ψ . We have K ⊆ ker(ψ) and ψ(x)2 = ±|CK/L(x)|
for each element x ∈ G . In particular, ψ(x) 	= 0 for all x ∈ G , and this shows why the character ξ ∈
Irr(H|ϕ) is uniquely determined by the equation χH = ψHξ . Also, we see that ψ(x) is either real or
purely imaginary for each element x ∈ G , and in fact, ψ(x) lies in the set {c,−c, ic,−ic}, where c =
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we have ψ(k) = e.
We see that ψψ is the permutation character of the conjugation action of G on the e2 elements
of K/L, and hence ψ cannot be irreducible because
[ψ,ψ] = [ψψ,1G ] 2,
where the inequality holds because there are at least two orbits in the action of G on the nontrivial
group K/L. Also, since ψ is reducible, so too is χH = ψHξ , for χ ∈ Irr(G|θ).
Another result in [3] is that in the situation we are discussing, each character χ ∈ Irr(G|θ) must
vanish on elements of G that are not conjugate to elements of H . It follows that if χ ∈ Irr(G|θ) and
ξ ∈ Irr(H|ϕ) correspond under the fully ramiﬁed correspondence (which means that χH = ψHξ ), then
ξG = ψχ . To see this, observe that
ψξG = (ψHξ)G = (χH )G = χ(1H )G = χπ,
where π is the permutation character of G acting on the right cosets of H . It is easy to see that the
restriction πH is the permutation character of H acting by conjugation on the elements of K/L, and
thus πH = (ψψ)H . It follows that
ψH
(
ξG
)
H = χHπH = ψHψHχH .
Canceling ψH (which we can do since all values of ψ are nonzero) we obtain (ξG)H = ψHχH . It fol-
lows that the characters ξG and ψχ agree on elements of G that are conjugate to elements of H . But
each of these characters vanishes on the remaining elements of G , so we have ξG = ψχ , as claimed.
Since ψ (and therefore also ψ ) are necessarily reducible, it follows that ξG cannot be irreducible for
ξ ∈ Irr(H|ϕ).
There is still more that can be said about the magic character ψ associated with a character-ﬁve
(G, K , L, θ,ϕ). If x ∈ G is an element with order coprime to |K : L|, then ψ(x) is rational, and it
is uniquely determined by the action of x on K/L. (In this case, therefore, ψ(x) is independent of ϕ
and θ .) In general, however, ψ(x) can depend on the character ϕ as well as on the action of x on K/L.
(Note that θ is uniquely determined by ϕ .) These ingredients uniquely determine ψ(x), however, so ψ
is uniquely determined by the character-ﬁve (G, K , L, θ,ϕ). Furthermore, although ψ(x) can depend
on ϕ , the real number ψ(x)2 is independent of ϕ; it depends only on the action of x on K/L. To
summarize: the action of x on K/L determines ψ(x) up to a sign, and if x has order coprime to
|K : L|, this sign ambiguity disappears.
We say that a subgroup H such that HK = G and H ∩ K = L is a complement for the normal
section K/L in G . We have asserted that if (G, K , L, θ,ϕ) is a character-ﬁve where |K : L| is odd, then
K/L necessarily has a complement H such that all of the properties we have enumerated hold, and
in particular, there is a fully ramiﬁed correspondence between Irr(G|θ) and Irr(H|ϕ). In this situation,
we refer to H as a good complement for (G, K , L, θ,ϕ).
Let (G, K , L, θ,ϕ) be a character-ﬁve with good complement H and magic character ψ , and sup-
pose that K ⊆ J ⊆ G . It is clear that ( J , K , L, θ,ϕ) is a character-ﬁve, and by our earlier remarks, ψ J is
the associated magic character. (This is because the value of the magic character at an element x is
uniquely determined by the character ϕ and the action of x on K/L.) It is also true that J ∩ H is a
good complement for ( J , K , L, θ,ϕ).
Of course, if H is a good complement for (G, K , L.θ,ϕ), then so too is every G-conjugate of H , but
in general, an arbitrary complement for K/L in G need not be good. In cases where we know that
there is a unique conjugacy class of complements however, it is clear that every complement is good.
The following is standard.
Lemma 2.1. Let H be a maximal subgroup of a p-solvable group G, and assume that |G : H| is divisible by p.
Let L = coreG(H), and let K/L be a chief factor of G. The following then hold.
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(b) K/L is the unique minimal normal subgroup of G/L.
(c) HK = G and H ∩ K = L.
(d) If M/K is a chief factor of G, then M/K is a p′-group and Z(M/L) = 1.
(e) All complements for K/L in G are conjugate to H.
Proof. Since K 	⊆ H and H is maximal, we have HK = G , and thus p divides |G : H| = |K : H ∩ K |. As
L ⊆ H ∩ K , we see that p divides |K : L|, and since G is p-solvable, it follows that K/L is a p-group,
which is necessarily elementary abelian. Then H ∩ K G , and since L ⊆ H ∩ K < K , we have H ∩ K = L,
and H is a complement for K/L in G . This establishes (a) and (c).
Next, we argue that K = CG(K/L). To see this, write C = CG(K/L), and observe that C  G , and
thus H normalizes C ∩ H . Also, [K ,C ∩ H] ⊆ L ⊆ C ∩ H , and thus K normalizes C ∩ H , and hence
C ∩ H  HK = G . Then C ∩ H ⊆ coreG(H) = L. But C ⊇ K , so by Dedekind’s lemma, C = (C ∩ H)K ⊆
LK = K , and thus C = K as claimed, and assertion (b) follows.
If K = G , then M does not exist, so (d) is vacuously true. Also, H = L and there is nothing further
to prove in this case. We can thus assume that K < G , and we ﬁx a chief factor M/K of G . Now let
Z/L = Z(M/L), and observe that Z ⊆ CG(K/L) = K . Also, Z 	= K since otherwise, M ⊆ CG(K/L) = K ,
which is not the case. Thus L ⊆ Z < K , and since Z  G , we have Z = L, and thus Z(M/L) = 1.
In particular, M/L is not a p-group, and it follows that the chief factor M/K is a p′-group, which
establishes (d).
For (e), let U be an arbitrary complement for K/L in G , so that U K = G and U ∩ K = L, and by
Dedekind’s lemma, (U ∩ M)K = M = (H ∩ M)K . Then (U ∩ M)/L and (H ∩ M)/L are p-complements
in M/L, and it follows by the Schur–Zassenhaus theorem that U ∩ M and H ∩ M are G-conjugate. We
can thus replace U by a conjugate, and we assume that U ∩ M = H ∩ M .
Since (H∩M)/L is a nontrivial p′-subgroup of M/L, it cannot be normal in M/L because otherwise,
it would centralize K/L, and this is impossible because CG(K/L) = K . Then H ⊆ NG(H ∩ M) < G , and
it follows by the maximality of H that NG(H ∩ M) = H . Since H ∩ M = U ∩ M , however, we have
U ⊆ NG(H ∩ M) = H . Now U K = G = HK and U ∩ K = L = H ∩ K , and since U ⊆ H , we have U = H ,
completing the proof. 
Much of the following is also fairly well known.
Lemma 2.2. In the situation of Lemma 2.1, assume that p > 2, let β ∈ Irr(H) be primitive, and let ϕ ∈ Irr(L)
be a constituent of βL . Then exactly one of the following holds.
(1) H is the stabilizer in G of ϕ .
(2) ϕ is invariant in G and extends to K .
(3) ϕ is invariant in G and is fully ramiﬁed with respect to K/L.
Also,
(a) (1) holds if and only if βG is irreducible.
(b) (2) holds if and only if β extends to G.
(c) (3) holds if and only if (G, K , L, θ,ϕ) is a character-ﬁve, where Irr(K |ϕ) = {θ}.
Finally, if (2) holds and H is not normal in G, then β has a unique extension to G, and if (3) holds, there exists
a unique character η ∈ Irr(G|θ) such that ηH = ψHβ , where ψ is the associated magic character.
Proof. First, observe that if (1) holds, then (2) and (3) are false, and if (2) holds, then | Irr(K |ϕ)| =
|K : L| > 1, while if (3) holds, | Irr(K |ϕ)| = 1. It follows that (1), (2) and (3) are mutually exclusive, as
required.
Since β is primitive, βL is a multiple of ϕ , and thus ϕ is invariant in H . If H is the full stabilizer
of ϕ in G , then (1) holds, and βG is irreducible by the Clifford correspondence.
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it follows that ϕ is invariant in G , and in particular, ϕ is invariant in K . As K/L is abelian, we can
apply Theorem 2.7 of [3] to produce a subgroup K⊥ (depending on L, K and ϕ), where L ⊆ K⊥ ⊆ K ,
and such that ϕ extends to K if and only if K⊥ = K , and ϕ is fully ramiﬁed with respect to K/L if
and only if K⊥ = L. Since ϕ and L and K are G-invariant, it follows that K⊥ G , and because K/L is a
chief factor of G , the only possibilities are K⊥ = K and K⊥ = L, and we conclude that (2) or (3) must
hold. (Note that alternatively, we could have used Problem 6.12 of [4] instead of Theorem 2.7 of [3].)
Assertion (c) is clear since it is essentially just the deﬁnition of a character ﬁve. Also, if (3) holds,
then since p > 2, our previous discussion applies, and H is a good complement for (G, K , L, θ,ϕ) by
Lemma 2.1(e). In particular, there exists a unique character η ∈ Irr(G|θ) such that ηH = ψHβ , where ψ
is the associated magic character. It also follows from our earlier remarks that in this case, βG cannot
be irreducible, and β cannot extend to G .
We work next to prove (b). We have seen that if (1) holds, then β induces irreducibly to G , and
thus it does not extend to G , and if (3) holds, we also know that β cannot extend to G . If β does
extend, therefore, it follows that (2) holds.
Conversely, assume (2). If H  G , then H = L, β = ϕ and G = K , and so (2) asserts that β extends
to G , as required. We can assume, therefore, that H is not normal, and in this case K < G , and we
can choose a chief factor M/K of G . It follows by Lemma 2.1(d) that M/K is a p′-group and that
it has only trivial ﬁxed points in K/L. We are assuming that ϕ extends to K , and it follows that ϕ
has a unique M-invariant extension θ ∈ Irr(K ). (This is a routine Glauberman’s-lemma argument. See,
for example, Problem 13.10 of [4] or Lemma 2.5 of [6].) In particular, θ is G-invariant, and in this
situation, restriction deﬁnes a bijection from Irr(G|θ) to Irr(H|ϕ). (See Corollary 4.2 of [7].) It follows
that β extends to G , and this completes the proof of (b).
We must show in this situation that β has a unique extension to G . By the previous paragraph,
β has a unique extension that lies over θ , so it suﬃces to show that every extension of β to G must
lie over θ . To see this, let χ be such an extension, and observe that χ is primitive since β is primitive,
and thus χK has a unique irreducible constituent θ1, and θ1 lies over ϕ . Then θ1 is an M-invariant
extension of ϕ , and hence θ1 = θ , as required.
Finally, we must prove (a). We have already seen that if (1) holds, then βG is irreducible. Con-
versely, if βG is irreducible, then β cannot extend to G , so (2) fails by (b), and we have seen that (3)
cannot hold either. It follows that (1) holds, and the proof is complete. 
To prove Theorem C, it suﬃces now to deﬁne the FR-correspondent of β when in the situation
of that theorem, βG is not irreducible and β is not the restriction to H of an irreducible character
of G . Let L = coreG(H), and observe that by Lemma 2.1(b), there is a unique chief factor of G of the
form K/L. In Lemma 2.2, therefore, (3) holds, and thus (G, K , L, θ,ϕ) is a character-ﬁve, where ϕ
and θ are uniquely determined irreducible characters of L and K , respectively. Also, by Lemma 2.1(e),
there is a unique conjugacy class of complements for K/L in G , and thus H is a good complement for
(G, K , L, θ,ϕ). Furthermore, there is a uniquely determined magic character ψ for this character-ﬁve,
and a unique character η ∈ Irr(G) such that ηH = ψHβ . It is the character η that we deﬁne to be the
FR-correspondent of β .
3. Factorization theory
To prove Theorem D, we need a somewhat technical fact about characters of p-solvable groups for
p 	= 2. In fact, no extra work is needed to handle sets of primes, and so we state our result somewhat
more generally.
Theorem 3.1. Let G be π -separable, where π is a set of primes not containing 2, and suppose that β ∈ Irr(G)
is quasiprimitive. Let γ be a character of G such that γ (x) = ±β(x) for all x ∈ G, and suppose in addition that
γ (x) = β(x) when x ∈ G is a π ′-element. Then γ = β .
In Section 6, we prove a related result for solvable groups in which the hypothesis that γ (x) =
±β(x) is weakened, and we assume instead that |γ (x)| = |β(x)| for all x ∈ G . With additional hy-
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conclusion γ = β of Theorem 3.1 does not hold in this generality.)
The key to the proof of Theorem 3.1 is π -factorization theory, and so we give a brief review here.
A much more complete exposition, with full deﬁnitions, and with a number of applications can be
found in [9].
Suppose that π is a set of primes and that G is π -separable. We refer to certain privileged irre-
ducible characters of G as being π -special. The idea underlying the deﬁnition (at least in the case
where π = p′) ﬁrst appeared as Deﬁnition 2.2 in [5], but the general deﬁnition is due to D. Gajendra-
gadkar [2], who discovered a number of remarkable properties of these characters.
It follows from the deﬁnition that the degree of a π -special character is a π -number, and the
multiplicative order of a linear π -special character is also a π -number. Also, the deﬁnition is invariant
under group automorphisms and ﬁeld automorphisms, and thus if σ ∈ Irr(G) is π -special then σα is
also π -special, where α ∈ Aut(G), and σβ is π -special if β is an automorphism of the cyclotomic
ﬁeld Q|G| .
Of course, if G is π -separable, it is also π ′-separable, so we can also consider π ′-special characters
of G . This leads us to what is perhaps the most striking of Gajendragadkar’s discoveries: if G is
π -separable and σ ,τ ∈ Irr(G) are respectively π -special and π ′-special, then στ is irreducible. Also,
the factorization is unique in the sense that if στ = σ1τ1, where σ1 and τ1 are also π -special and
π ′-special respectively, then σ1 = σ and τ1 = τ . Gajendragadkar also showed that the restriction of a
π -special character of G to a Hall π -subgroup H ⊆ G is irreducible, and in fact, restriction deﬁnes an
injective map from the set of π -special characters of G into the set Irr(H).
Special characters behave well with respect to normal subgroups. It is immediate from the deﬁni-
tion that if N  G and σ ∈ Irr(G) is π -special, then all irreducible constituents of σN are π -special,
and similarly, of course, for π ′-special characters. Also, if N  G and G/N is a π ′-group, then every
G-invariant π -special character σ ∈ Irr(N) extends to G , and σ has a unique π -special extension. On
the other hand, if τ ∈ Irr(N) is π ′-special, then (continuing to assume that G/N is a π ′-group) every
irreducible character of G lying over τ is π ′-special. As a consequence, we have the following.
Lemma 3.2. Suppose that G is π -separable, and let N  G, where G/N is a π ′-group. Let σ ,τ ∈ Irr(N) be
π -special and π ′-special, respectively, and assume that σ is G-invariant. Then each irreducible character of G
lying over στ ∈ Irr(N) has the form σˆ β , where σˆ is the π -special extension of G, and β ∈ Irr(G) is π ′-special.
Proof. First, observe that (στ )G = σˆ τ G , and thus if χ ∈ Irr(G|στ), then χ is a constituent of some
character of the form σˆ β , where β is an irreducible constituent of τ G . But then β is π ′-special,
and since σˆ is π -special, it follows from Gajendragadkar’s theorem that σˆ β is irreducible, and thus
χ = σˆ β , as wanted. 
Now, suppose that σ ∈ Irr(G) and τ ∈ Irr(G) are π -special and π ′-special, respectively, and write
χ = στ ∈ Irr(G). Then for every normal subgroup N of G , and every irreducible constituent θ of χN ,
we can write θ = αβ , where α is an irreducible constituent of σN and β is an irreducible constituent
of τN , and hence α is π -special and β is π ′-special. To see this, observe that θ is certainly a con-
stituent of some character of the form αβ , and we must have equality since αβ is irreducible.
An easy consequence of our remarks is the following useful fact.
Lemma 3.3. Let G be π -separable. Then all values of π -special characters of G lie in the cyclotomic ﬁeld Qm,
where m = |G|π , the π -part of |G|.
Proof. Write n = |G|, so that all irreducible characters of G have values in Qn . Then Gal(Qn/Qm) acts
on Irr(G), and it leaves the set of π -special characters invariant. By Galois theory, it suﬃces to show
that Gal(Qn/Qm) acts trivially on this set.
Let H be a Hall π -subgroup of G and suppose that α and β are π -special characters of G that
lie in the same Gal(Qn/Qm)-orbit. Then αH = βH since |H| =m, and so these restrictions have values
in Qm . But restriction to a Hall π -subgroup is an injective map on the set of π -special characters,
and it follows that α = β . 
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factored character. A useful condition of this type is that a character χ ∈ Irr(G) is π–π ′-factored if
χNi is homogeneous for all terms Ni of a normal series 1 = N0 ⊆ N1 ⊆ · · · ⊆ Nr = G in which each
factor is a π -group or a π ′-group. In particular, if G is π -separable and χ ∈ Irr(G) is quasiprimitive,
then χ is factored. Furthermore, if in this case, χ = στ , where σ is π -special and τ is π ′-special,
then each of its (uniquely determined) special factors σ and τ must also be quasiprimitive.
This completes our review of π -factorization theory, and we begin work now toward a proof of
Theorem 3.1.
Theorem 3.4. Let G be π -separable, where 2 /∈ π , and let σ ∈ Irr(G) be π -special. Then σ(x) is an odd
rational integer for every π ′-element x ∈ G.
Proof. Since σ is π -special, it follows by Lemma 3.3 that σ(x) lies in the ﬁeld Qm , where m = |G|π .
But also, σ(x) lies in Qa , where a = o(x), and thus σ(x) ∈ Qm ∩ Qa = Q, where the equality holds
because m and a are coprime.
We proceed now by induction on |G| to show that the rational integer σ(x) is odd. First, let
M = Oπ (G), and assume that M < G . Then x ∈ M and σM is a sum of π -special characters of M . The
total number of these irreducible constituents of σM , counting multiplicities, divides σ(1), which is a
π -number and hence is odd. By the inductive hypothesis applied in M , the values of the irreducible
constituents of σM at x are odd numbers, and thus σ(x) is a sum of an odd number of odd numbers,
and hence is odd.
We can assume, therefore that M = G , and since we can also assume that G is nontrivial, we have
N < G , where N = Oπ ′ (G). Then N contains a Hall π -subgroup of G , and since σ is π -special, it fol-
lows that σN is irreducible. If N = 1, therefore, we have σ(1) = 1, and hence the rational integer σ(x)
has absolute value 1, and hence is odd. We can assume, therefore, that N > 1, and we let N/L be a
chief factor of G . Then N/L is a π -group, so it has odd order and hence is solvable, and thus N/L
is an elementary abelian p-group for some prime p 	= 2. Also, we can ﬁx a Hall π ′-subgroup U/L
of G/L such that x ∈ U .
Now let θ = σN , so that θ is a G-invariant irreducible character of N , and thus by the “going-
down theorem”, which appears as Theorem 6.18 in [4], there are precisely three possibilities, and we
consider these in turn.
First, it may happen that θL is irreducible. In this case, write θL = ϕ , and observe that ϕ is
π -special and invariant in U , and thus there is a π -special extension ϕˆ of ϕ to U , and by the in-
ductive hypothesis applied in U , we see that ϕˆ(x) is an odd integer. Since σU is an extension of ϕ
in this case, we can apply Gallagher’s theorem to write σU = λϕˆ for some linear character λ. Then
|σ(x)| = |ϕˆ(x)| is an odd integer. Since we know that σ(x) is a rational integer, it must be odd, and
the proof is complete in this case.
Another possibility is that θ is fully ramiﬁed with respect to N/L, and thus we can write θL = eϕ ,
where ϕ ∈ Irr(L) and e2 = |N : L|. Also, ϕ is π -special and invariant in U , and thus there exists a
π -special extension ϕˆ ∈ Irr(U ), and by the inductive hypothesis, ϕˆ(x) is an odd integer. In this case,
(G,N, L, θ,ϕ) is a character-ﬁve, p is odd, and there is a unique conjugacy class of complements
for N/L in G . It follows by the discussion in Section 2 that U is a good complement and there is a
fully ramiﬁed correspondence between Irr(G|θ) and Irr(N|ϕ). Let η ∈ Irr(G) correspond to ϕˆ , so that
ηU = ψU ϕˆ , where ψ is the associated magic character. Since x is a p′-element, we know that ψ(x)
is rational, and |ψ(x)|2 = |CN/L(x)|, which is a power of p, and hence is odd. Thus ψ(x) is an odd
rational integer, and it follows that η(x) is also an odd rational integer. Now η(1) = eϕ(1) = θ(1), and
thus η is an extension of θ to G , and hence λη = σ for some linear character λ. Then |σ(x)| is an
odd integer and the result follows as before.
The ﬁnal possibility allowed by the going-down theorem is that θ = ϕN for some character ϕ ∈
Irr(L). In this case, we see that the stabilizer of ϕ in G complements N/L, and we can replace ϕ
by a conjugate and assume that the stabilizer of ϕ is U . Now ϕ is π -special, so it has a π -special
extension ϕˆ ∈ Irr(U ), and we write ϕˆG = η. Then ηN = ϕN = θ , so η extends θ , and hence σ = λη
for some linear character λ. Reasoning as before, we see that it suﬃces to show that η(x) is an odd
integer.
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choose T so that it is closed under taking inverses. Also, T is a transversal for the right cosets of U
in G , and thus
η(x) = ϕˆG(x) =
∑
t∈T0
ϕˆ
(
txt−1
)
,
where T0 = {t ∈ T | txt−1 ∈ U }. Now txt−1 ∈ U if and only if txt−1x−1 ∈ U , and since t ∈ N  G and
N ∩ U = L, this happens if and only if the coset Lt lies in CN/L(x). Since this centralizer is a group,
however, we see that it contains Lt if and only if it contains Lt−1, and because only the identity
of N/L is its own inverse, it follows that |T0| is odd. Also, txt−1 is a π ′-element, and thus by the
inductive hypothesis, ϕˆ(txt−1) is an odd integer for t ∈ T0. It follows that η(x) is a sum of an odd
number of odd numbers, and hence it is odd, and the result follows. 
Before we proceed with the proof of Theorem 3.1, a few comments seem appropriate. As a conse-
quence of Theorem 3.4, we see that if 2 /∈ π , then in a π -separable group, we must have σ(x) 	= 0 if
σ ∈ Irr(G) is π -special and x is a π ′-element. This generalizes an observation of G. Navarro in [12],
where his Theorem 3.2 asserts that in a group of odd order, a π -special character cannot vanish
on a π ′-element. Our result weakens Navarro’s oddness hypothesis by replacing it with the assump-
tion that 2 /∈ π . It is not possible, however, to dispense with oddness completely, as Example 3.3 of
Navarro’s paper shows.
Proof of Theorem 3.1. Since β(1) = γ (1), there exists a subgroup N  G maximal with the property
that βN = γN , and our goal is to show that N = G . Otherwise, we can choose a chief factor M/N of G ,
and we work to derive a contradiction.
Since β is quasiprimitive, βN and βM are multiples of irreducible characters ϕ and θ , respectively,
and these characters are invariant in G . Also, of course, γN = βN is a multiple of ϕ .
Suppose ﬁrst that M/N is a π -group. Then M/N is solvable since 2 /∈ π , and hence M/N is an
elementary abelian p-group, for some prime p 	= 2. It follows by the going-down theorem that there
are just two possibilities: either θ and ϕ are fully ramiﬁed with respect to M/N , or else θN = ϕ . (The
third alternative in the going-down theorem cannot occur since ϕ is G-invariant.)
In the fully ramiﬁed situation, θ is the unique member of Irr(M|ϕ), and thus γM is a multiple of θ .
Since also βM is a multiple of θ and β(1) = γ (1), we conclude that βM = γM , and this contradicts the
maximality of N .
We can now assume that θN = ϕ , and thus each irreducible character of M that lies over ϕ has
the form λθ for some linear character λ of M with kernel containing N . We can thus write γM = Λθ
for some character Λ of M , with N ⊆ ker(Λ) and Λ(1) = γ (1)/θ(1) = β(1)/θ(1). For elements x ∈ M ,
it follows that
Λ(x)θ(x) = γ (x) = ±β(x) = ±Λ(1)θ(x).
Since θN is irreducible, however, each coset of N in M contains an element x such that θ(x) 	= 0. (See
Lemma 8.14(c) of [4].) Viewing Λ as a character of M/N , we deduce that Λ(y) = ±Λ(1) for each
element y ∈ M/N , and thus [Λ,Λ] = Λ(1)2. We deduce that Λ is a multiple of a single irreducible
character λ, and λ(y) = ±1 for all elements y ∈ M/N . But M/N has odd order, and it follows that
λ is the principal character, and hence Λ has the constant value Λ(1). This yields γM = βM , again
contradicting the maximality of N .
In the remaining case, M/N is a π ′-group. Since β is quasiprimitive, it factors as a product of
a π -special and a π ′-special character, and thus the same is true for the unique irreducible con-
stituent ϕ of βN . We can thus write ϕ = στ , where σ is π -special, τ is π ′-special, and both are
G-invariant. Let σˆ be the unique π -special extension of σ to M , and observe that by Lemma 3.2,
every irreducible character of M that lies over ϕ has the form σˆ δ for some π ′-special character
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βM = σˆ and γM = σˆΣ , where  and Σ are characters of M that are sums of π ′-special characters.
Now let x ∈ M be a π ′-element. Then
σˆ (x)(x) = β(x) = γ (x) = σˆ (x)Σ(x),
and by Theorem 3.4, σˆ (x) is an odd rational integer, and hence is nonzero. It follows that (x) = Σ(x),
and hence H = ΣH , where H is a Hall π ′-subgroup of M . Since all irreducible constituents of  and
Σ are π ′-special, and restriction of π ′-special characters of M to H is an injective map into Irr(H), it
follows that  = Σ , and thus γM = βM , and again we have a contradiction to the maximality of N . 
4. An imprimitive FR-correspondent
In this section, we prove Theorem D, which we restate here.
Theorem 4.1. Let p > 2 be prime, let G be p-solvable, and suppose that H ⊆ G is a maximal subgroup with
p-power index. Let β ∈ Irr(H) be primitive, and assume that β has an FR-correspondent η ∈ Irr(G). Suppose
that η = μG , where μ ∈ Irr( J ) and J < G. The following then hold.
(a) G = L J , where L = coreG(H).
(b) |G : H| β(1)2 .
(c) If equality holds in (b), then J is a maximal subgroup of G. Also, L∩ J = Z(η), and in particular, L∩ J G.
Furthermore, in this case, |G : J | = |G : H| and μ(1) = 1.
(d) If |G : H| fails to divide β(1)2 , then G is nonsolvable and |G : H| β(1).
Proof. As usual, let L = coreG(H), let K/L be the unique chief factor of G above L and let ϕ ∈ Irr(L)
lie below β . Since we are assuming that β has an FR-correspondent, or equivalently that we are in
Case (3) of Lemma 2.2, there is a uniquely determined character-ﬁve (G, K , L, θ,ϕ). Also, there is a
unique conjugacy class of complements for K/L in G , so we know that H is a good complement for
(G, K , L, θ,ϕ), and thus ηH = ψHβ , where ψ is the associated magic character.
To prove (a), we must show that L J = G , and thus since η = (μL J )G , we can replace J by L J , and
so we can assume that J ⊇ L, and we work to prove that J = G .
We argue ﬁrst that K J = G . Observe that K ⊆ K J ⊆ G , and that (K J , K , L, θ,ϕ) is a character-ﬁve.
Also, by the discussion in Section 2, it follows that K J ∩ H is a good complement for (K J , K , L, θ,ϕ),
and the associated magic character is ψK J . Now η = νG for some character ν ∈ Irr(K J ), and by
the fully ramiﬁed correspondence in K J , we can write ν(K J∩H) = ψ(K J∩H)τ for some character
τ ∈ Irr((K J ∩ H)|ϕ). We have
ψHβ = ηH =
(
νG
)
H = (ν(K J∩H))H = (ψ(K J∩H)τ )H = ψHτ H ,
and thus β = τ H since all values of ψ are nonzero. By assumption, however, β is primitive, and thus
K J ∩ H = H , and it follows that K J = G , as wanted.
To complete the proof of (a) now, we proceed to show that J = G . Since K/L is abelian and J ⊇ L,
we see that K ∩ J is normalized by both K and J , and since K J = G , we have K ∩ J  G . As K/L
is a chief factor of G , the only possibilities are K ∩ J = K or K ∩ J = L. If K ∩ J = K , then K ⊆ J ,
and thus G = K J = J , as wanted. Alternatively, K ∩ J = L, and we work to derive a contradiction. In
this situation, J is a complement for K/L in G , and by Lemma 2.1(e), it follows that J is conjugate
to H in G . We can thus assume that J = H , and we observe that since ηL is a multiple of ϕ , we
have μ ∈ Irr(H|ϕ). But as we have seen, no character in Irr(H|ϕ) can induce irreducibly to G , and
this contradiction establishes (a).
To complete the proof of Theorem 4.1, we drop the assumption that J ⊇ L, which we used to
prove (a). Let S = L∩ J , and note that G/L ∼= J/S , and under this isomorphism, a subgroup X/L of G/L
corresponds to Y /S , where Y = X ∩ J and X = LY . Now let T = H ∩ J and R = K ∩ J . It follows that
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applies in this situation.
Suppose that μ is induced from a subgroup J0 of J with S ⊆ J0. Then η is induced from J0,
and so L J0 = G by (a), and hence J0 = J . It follows by the Clifford correspondence that μR and μS
are homogeneous, and we let δ and ε, respectively, be the unique irreducible constituents of these
characters. We can apply Lemma 2.2 to the group J , with T in place of H and ε in place of ϕ . Since
ε is invariant in J , we see that either (2) or (3) of Lemma 2.2 must hold, and we consider these cases
separately.
Suppose ﬁrst that (3) holds, so that ( J , R, S, δ, ε) is a character-ﬁve and T is a good complement,
and we let χ be the associated magic character. Since R ⊆ ker(χ), there is a unique extension of χ
to G with kernel containing K , and by a slight abuse of notation, we call that extension χ also.
By the fully ramiﬁed correspondence, there exists a (unique) character ν ∈ Irr(T |ε) such that μT =
χT ν , and we have
ψHβ = ηH =
(
μG
)
H = (μT )H = (χT ν)H = χHνH .
We argue that for every element x ∈ G , we have χ(x) = ±ψ(x), and that in fact, χ(x) = ψ(x) for
p′-elements. Since K is contained in the kernel of both ψ and χ , it suﬃces to check this for elements
x ∈ J , and we observe that the actions of x on K/L and on R/S agree under the natural isomorphism
K/L ∼= R/S . It follows by our remarks in Section 2 that the magic characters ψ and χ differ at most
by a sign, and that they do not differ at all on p′-elements, as claimed. Since all values of χ and ψ
are nonzero, we conclude that β(x) = ±νH (x) for all x ∈ H , and that β(x) = νH (x) for p′-elements
x ∈ H .
Since β is primitive, it is certainly quasiprimitive, and thus Theorem 3.1 applies, and we have β =
νG . Again using the primitivity of β , we deduce that T = H , and thus J = G , which is a contradiction.
We can now assume that (2) of Lemma 2.2 holds for the character ε, and thus ε extends to R .
Since R/S is abelian, there are |R : S| distinct extensions of ε to R , and since ε lies under ϕ , all of
these extensions of ε to R lie under ϕK = eθ , where e2 = |K : L| = |R : S|. Then each extension of ε
to R is a constituent of θR , and this yields
eϕ(1) = θ(1) |R : S|ε(1) = e2ε(1) e2.
We conclude that β(1) ϕ(1) e, and thus β(1)2  e2 = |K : L| = |G : H|, proving (b).
Suppose now that equality holds in (b). Then all of the above inequalities are equalities, and we
have β(1) = ϕ(1) = e, and ε(1) = 1. Also in this case, θ(1) = eϕ(1) = e2 and θR is exactly the sum of
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character ε. Thus S ⊆ Z , where Z = Z(η)  G .
Since S = L ∩ J , we have L ∩ J ⊆ Z , and we argue that equality holds here. First, Z = Z(η) ⊆ J
since η is induced from a character of J . Next, observe that Z ⊆ H since otherwise, ZH = G , and this
would imply that ηH is irreducible, which is not the case. Since L = coreG(H) and Z  G , we have
Z ⊆ L, and thus Z = L ∩ J as required. If J ⊆ X < G , then we can apply all of the above with X in
place of J and μX in place of μ, and we deduce that L ∩ X = Z , and it follows that X = J , and thus
J is maximal in G , as required.
Now η(1) = eβ(1) = eϕ(1) = e2 = θ(1), and thus (μR)K = (μG)K = ηK = θ is irreducible, and so
μR is irreducible, and we have μR = δ. Then μ(1) = δ(1) = ε(1) = 1, as required. Finally, |G : H| =
e2 = η(1) = μ(1)|G : J | = |G : J |, and this completes the proof of (c).
Suppose now that |G : H| does not divide β(1)2. Since β is primitive, we can write β = στ , where
σ is p-special and τ is p′-special, and thus we can write ϕ = αγ , where α is p-special and lies
under σ , and γ is p′-special and lies under τ . Also, because ϕ is invariant in G , it follows that α and
γ are invariant too, and since K/L is a p-group, γ has a unique p′-special extension γˆ ∈ Irr(K ), and
by uniqueness, γˆ is G-invariant. By Corollary 4.2 of [7], it follows that τ extends to G , and there is a
unique extension τˆ that lies over γˆ . Also, because β is primitive, we see that τ is primitive, and thus
τˆ is primitive too.
Since τ extends to G but β = στ does not extend, it follows that σ does not extend to G . We
now apply Lemma 2.2, with σ in place of β and α in place of ϕ . Since α is G-invariant, (1) cannot
occur, and since σ does not extend to G , (2) cannot occur either. We deduce that α is fully ramiﬁed
with respect to K/L, and we let ζ be the unique irreducible constituent of αK . Then (G, K , L, ζ,α) is
a character-ﬁve, and σ has an FR-correspondent ξ ∈ Irr(G).
Now σ is primitive, so if ξ is imprimitive, we can apply the earlier part of the proof with σ and ξ
in place of β and η, and we deduce that |G : H| σ(1)2. But |G : H| and σ(1)2 are powers of p, and
hence |G : H| divides σ(1)2, which in turn divides β(1)2. Since we are assuming that |G : H| does not
divide β(1)2, we conclude that ξ is primitive.
We argue next that ξ τˆ is irreducible, and in fact is quasiprimitive. First, since ξ is quasiprimi-
tive, it factors as a product of a p-special and p′-special character, and since ξ has p-power degree,
the p′-special factor must be linear. Similarly, τˆ is the product of a p′-special character and a lin-
ear character, and thus ξ τˆ is the product of a linear character, a p-special character and a p′-special
character, and thus ξ τˆ is irreducible. Also, if N  G , we see that the unique irreducible constituent
of ξN is G-invariant, and it factors as a product of a linear character and a p-special character, and
similarly, the unique irreducible constituent of (τˆ )N is a product of a linear character and a p′-special
character. It follows that the product of the unique irreducible constituent of ξN with the unique irre-
ducible constituent of (τˆ )N is irreducible and G-invariant, and we conclude that ξ τˆ is quasiprimitive,
as claimed.
Next, we work to show that η = ξ τˆ . As before, let ψ be the magic character associated with the
character-ﬁve (G, K , L, θ,ϕ), and let χ be the magic character associated with (G, K , L, ζ,α). Then
ψη = βG = (στ )G = (σ τˆH )G = σ G τˆ = χξτˆ ,
and since ψ and χ are never zero, agree on p′-elements and agree up to sign on all elements, it
follows by Theorem 3.1 that η = ξ τˆ , as wanted, and in particular, η is quasiprimitive.
By a theorem of T. Berger, quasiprimitive characters of solvable groups are primitive. (See Theo-
rem 11.33 of [4].) Since η is not primitive, it follows that G cannot be solvable.
We can replace J by a maximal subgroup containing it, replacing μ by the appropriate induced
character, and so we can assume that J is a maximal subgroup of G , and hence its index is either a
p-power or a p′-number. Suppose ﬁrst that |G : J | is a p-power, and let M = coreG( J ) and let N/M
be a chief factor of G . It follows by Lemma 2.1 that N/M is an elementary abelian p-group, comple-
mented by J/M . Also, since η is quasiprimitive, ηN and ηM have unique irreducible constituents κ
and λ, respectively, and both κ and λ are G-invariant. By the going-down theorem, there are just
two possibilities: either κ and λ are fully ramiﬁed with respect to N/M , or else κM = λ. (The third
alternative in Theorem 6.18 of [4] cannot happen in this situation.)
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this is not compatible with the fact that η is induced from J . Thus κM = λ, and since κ and λ are
G-invariant, it follows by Corollary 4.2 of [7] that η J is irreducible, and this too is incompatible with
the fact that η is induced from J . We conclude that |G : J | is a p′-number.
Now (μR)K = (μG)K = ηK is a multiple of θ , and thus since δ is a constituent of μR , we can
write δK = aθ for some integer a. Then |G : J |δ(1) = |K : R|δ(1) = aθ(1) = aeϕ(1), and thus e divides
|G : J |δ(1). But e is a power of p and |G : J | is not divisible by p, and thus e divides δ(1) = ε(1). We
saw previously, however, that eϕ(1)  e2ε(1), and we deduce that eϕ(1)  e3. Then β(1)  ϕ(1) 
e2 = |G : H|, and this completes the proof of (d). 
5. Theorems E and B
In this section, we use Theorem D to prove Theorem B, but ﬁrst we establish Theorem E, which
we restate here.
Theorem 5.1. Let p > 2 be prime, let G be p-solvable, and suppose that H ⊆ G is a maximal subgroup with
p-power index. Let β ∈ Irr(H) be primitive, and assume that βG = η ∈ Irr(G). If η is induced from some
subgroup J of G, then either J is conjugate to H or L J = G, where L = coreG(H).
Proof. As in Lemmas 2.1 and 2.2, let L = coreG(H), choose a chief factor K/L of G and let ϕ ∈ Irr(L)
be the unique irreducible constituent of βL . Since βG = η ∈ Irr(G), Case (1) of Lemma 2.2 holds, and
thus H is the stabilizer of ϕ in G . Suppose that J ⊆ G and η = μG , where μ ∈ Irr( J ). Let X = L J ,
and ν = μX , and suppose that X < G . The irreducible constituents of ηL are the G-conjugates of ϕ ,
and at least one of these lies below ν . We can therefore replace J by a G-conjugate and assume that
ν lies over ϕ . Since X ∩ H is the stabilizer of ϕ in X , it follows by the Clifford correspondence that
ν = αX for some character α ∈ Irr((X ∩ H)|ϕ), and thus αG = νG = η. Then αH ∈ Irr(H|ϕ), and since
(αH )G = η, it follows that αH is the unique member of Irr(H|ϕ) that induces η, and we deduce that
αH = β .
Since β is primitive and is induced from the subgroup X ∩ H , we conclude that X ∩ H = H , and
thus H ⊆ X . As H is maximal in G , there are just two possibilities: either X = G or X = H . Recall,
however, that X = L J , so if X = G , there is nothing further to prove. We are left with the possibility
that X = H and β = ν = μH . Since β is primitive and μ is a character of J , we see that J = H . 
The following is essentially a restatement of Theorem B. (It differs from the version in Section 1 in
that it explicitly mentions the FR-correspondence.)
Theorem 5.2. Let H be a maximal subgroup of an M-group G, where |G : H| is odd, and let β ∈ Irr(H) be
primitive. Then exactly one of the following holds.
(1) β(1) = 1 and β extends to G. In fact, if H is not normal in G, then β has a unique extension η ∈ Irr(G).
(2) β(1) = 1 and η = βG is irreducible of degree |G : H|.
(3) β(1)2 = |G : H| and β has an FR-correspondent η ∈ Irr(G), with η(1) = |G : H|.
Furthermore, if the character η of (2) or (3) is induced from a character μ of a subgroup J < G, then J is
maximal in G and μ is linear.
Proof. First, if β is the restriction to H of some irreducible character η of G , then since η is monomial,
it follows that β is monomial, and since β is primitive, it is linear. In this case, (1) holds because if H
is not normal in G , then by Theorem C (proved at the end of Section 2) the extension η is unique.
Next, we consider the case where βG is irreducible, and we write η = βG . Theorem A (Lewis’
theorem) implies that β(1)2 divides |G : H|, which is a power of some odd prime p. Then β(1) is
a p-power, and thus η(1) = |G : H|β(1) is a p-power. Since η = βG is monomial and has p-power
degree, where p is odd, it follows from Theorem 10.1 of [10] that β is monomial, and thus since β is
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where μ is a character of some subgroup J < G , then J is maximal in G and μ is linear.
By Theorem 5.1, either J is conjugate in G to H , or L J = G , where L = coreG(H). In the ﬁrst case,
J is certainly maximal, and since η = βG and β is linear, we have |G : H| = η(1) = μ(1)|G : J | =
μ(1)|G : H|, and thus μ(1) = 1, as required. We can thus assume that L J = G , and we suppose that
J ⊆ X < G for some subgroup X , and we work to show that X = J , which will prove that J is
maximal in G .
Since β is linear, all irreducible constituents of ηL are linear, and thus L′ ⊆ ker(η) ⊆ J ⊆ X , where
the second containment holds since η is induced from J . Thus L′ ⊆ L ∩ X ⊆ L, and hence L ∩ X  L.
Also, of course, L ∩ X  X , and since LX ⊇ L J = G , we deduce that L ∩ X  G .
Now let τ = βL∩X and ν = μX . Then τ is a linear character of L ∩ X that is invariant in H , and
since HX = G , we see that X acts transitively on the set of irreducible constituents of ηL∩X , and
thus all of these constituents lie under ν . If H is the full stabilizer of τ in G , then by the Clifford
correspondence, ν is induced from H ∩ X . Also, L(H ∩ X) ⊆ H < G , so by Theorem 5.1, we deduce that
H ∩ X = H , and thus H ⊆ X , and we have G = HX = X , contrary to assumption. It follows that H is
not the full stabilizer of τ , and since H is maximal in G , we conclude that τ is G-invariant, and thus
L ∩ X ⊆ Z(η). But Z(η) ⊆ J since η is induced from J , and thus X = (L ∩ X) J = J , as wanted, where
the ﬁrst equality follows via Dedekind’s lemma, since L J = G .
We argue next that μ is linear. Since τ is a G-invariant linear character of L ∩ X = L ∩ J , we
have μL∩ J = μ(1)τ . Each irreducible constituent of ηL = (μG)L = (μL∩ J )L , therefore, occurs with
multiplicity at least μ(1). Next, observe that we are in Case (1) of Lemma 2.2 since βG = η. Then H
is the stabilizer in G of the unique irreducible constituent ϕ of βL , and hence ηL has |G : H| distinct
irreducible constituents. Since β(1) = 1, we have η(1) = |G : H|, and we conclude that each irreducible
constituent of ηL occurs with multiplicity 1. It follows that μ(1) = 1, as required.
We can now assume that β neither extends to G nor does it induce irreducibly to G , so Theorem C
guarantees that β has an FR-correspondent η ∈ Irr(G). We have η(1) = eβ(1), where e2 = |G : H|, and
in particular, η is not linear. Since G is an M-group, it follows that η is not primitive, and thus
Theorem D applies, and β(1)2  |G : H|. By Theorem A, however, β(1)2  |G : H|, and thus equality
holds in Theorem D(b). The result now follows by Theorem D(c). 
6. Absolute values
The main result of this section is the following variation on Theorem 3.1.
Theorem 6.1. Let G be solvable, and let β,γ ∈ Irr(G), where β is quasiprimitive and has odd degree. Assume
that |β(x)| = |γ (x)| for each element x ∈ G, and suppose that β(x) = γ (x) whenever x has even order. Then
γ is quasiprimitive.
If G has odd order (and thus is solvable) Theorem 6.1 asserts that if β,γ ∈ Irr(G) with |β(x)| =
|γ (x)| for all x ∈ G , then either β and γ are both quasiprimitive, or else neither of them is. We will
show by example that this does not hold for solvable groups in general, and that is the reason for the
somewhat unpleasant extra hypotheses in the theorem.
We mention that by Berger’s theorem, quasiprimitive characters of solvable groups are necessarily
primitive, and thus Theorem 6.1 remains true if the word “primitive” replaces “quasiprimitive”. Finally,
we remark that Theorem 6.1 suggests that if α is an irreducible character of a group of odd order,
then the character αα should somehow determine whether or not α is primitive. It is not obvious
how one might construct an algorithm that would make this explicit, however.
We begin work with the following technical result. (We shall need only the case p = 2 of this
lemma.)
Lemma 6.2. Let p be a prime, and let N  G, where N is solvable and p divides |G : N|. Let α1,α2 ∈ Irr(G)
be characters with degrees not divisible by p and such that α1(x) = α2(x) for all elements x ∈ G having
order divisible by p. Suppose also that for every subgroup M  G with M ⊆ N, the restrictions (αi)M are
homogeneous. Then (α1)N and (α2)N are multiples of the same irreducible character of N.
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Mr = N , where M j  G and M j/M j−1 is a chief factor of G for 1  j  r. Since each of ϕ1 and ϕ2
restrict to homogeneous characters on the subgroups M j , and each of the factors M j/M j−1 is either
a p-group or a p′-group, it follows that for i ∈ {1,2}, we can write ϕi = λiμi , where λi is p-special
and μi is p′-special. (See the discussion following the proof of Lemma 3.3.) Also, since by hypothesis,
the characters αi have p′-degree, we see that the p-special characters λi must be linear.
Let K be a p-complement in N . Since μi is p′-special, it follows that (μi)K is irreducible, and we
write νi = (μi)K . Also, because λi is linear and p-special, its multiplicative order is a power of p, and
hence (λi)K = 1K . It follows that (ϕi)K = νi .
Suppose ﬁrst that ν1 = ν2. Then by the injectivity of the map deﬁned by restriction of p′-special
characters of N to K , it follows that μ1 = μ2, and for simplicity of notation, we call this character μ.
Then ϕi = μλi , and it suﬃces to show that λ1 = λ2. Since the λi are p-special, it is enough to show
that (λ1)P = (λ2)P , where P ∈ Sylp(G).
Now let e1 and e2 be integers such that (αi)N = eiϕi . If 1 	= x ∈ P , then x has order divisible by p
and we have
e1μ(x)λ1(x) = α1(x) = α2(x) = e2μ(x)λ2(x).
Since a character of p′-degree cannot vanish on a p-element, μ(x) 	= 0, and thus e1λ1(x) = e2λ2(x).
Also, |λi(x)| = 1, and we deduce that e1 = e2, and thus λ1(x) = λ2(x). The characters λi thus agree on
all nonidentity elements of P , and since λ1(1) = 1 = λ2(1), we have (λ1)P = (λ2)P , as wanted.
We can now assume that ν1 	= ν2, and we work to obtain a contradiction. Since G/N has order
divisible by p, it follows by the Frattini argument that NG(K ) has order divisible by p, and we let
S ∈ Sylp(NG(K )). Then S is nontrivial, and writing H = SK , we see that K  H has p-power index, and
thus every element of the set X = H − K has order divisible by p. Also, X contains every nonidentity
element of S .
Now α1(x) = α2(x) for all x ∈ X . Write α(x) to denote this common value, and let
s =
∑
x∈X
∣∣α(x)
∣∣2.
Since (αi)K is a multiple of νi , and ν1 	= ν2, we see that (α1)K and (α2)K have no common irreducible
constituent, and as H ⊇ K , also (α1)H and (α2)H have no common irreducible constituent. Then
0 = |H|[(α1)H , (α2)H
]= s + |K |[(α1)K , (α2)K
]= s + 0 = s,
and hence α(x) = 0 for all elements x ∈ X , and in particular, α1 and α2 vanish on the nonidentity
elements of the subgroup S . It follows that |S| divides both α1(1) and α2(1), and since p divides |S|,
this contradicts the hypothesis that these character degrees are not divisible by p. 
Proof of Theorem 6.1. Let N G be maximal with the property that γM is homogeneous for all normal
subgroups M of G with M ⊆ N . Our goal is to show that N = G , so we assume that N < G , and we
work to obtain a contradiction.
Let R/N be a chief factor of G . By the maximality of N , we can choose K  G such that K ⊆ R
and γK is not homogeneous, and we write L = K ∩ N . Then K/L ∼= R/N is a chief factor of G , and
we let ϕ and μ, respectively, be the unique irreducible constituents of βL and γL . Since γK is not
homogeneous, μ lies under more than one member of Irr(K ), and since μ is G-invariant, it follows
by the going-up theorem (Problem 6.12 of [4]) that μ extends to K .
Since [βL, βL] = [γL, γL], we have βL = eϕ and γL = eμ for some integer e. We can write γK =
a
∑t
1 νi , where the irreducible characters νi are distinct, and each of them is an extension of μ, and
thus at = e.
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Suppose ﬁrst that θL = ϕ . Then βK = eθ , and thus
a2t = [γK , γK ] = [βK , βK ] = e2,
and since at = e, we deduce that a = e and t = 1. This is a contradiction since γK is not homogeneous,
and it follows that θ does not restrict irreducibly to L.
By the going-down theorem, ϕ and θ are fully ramiﬁed with respect to K/L, and in particular,
ϕ does not extend to K . Since μ does extend to K , it follows that ϕ 	= μ, and thus at least one
of the hypotheses of Lemma 6.2 is not satisﬁed with 2 and L in place of p and N . By hypothesis,
β(x) = γ (x) for all even-order elements x ∈ G , and γ (1) = β(1) is odd. Also the restrictions of β and
γ to all normal subgroups of G contained in L are homogeneous, and thus the missing hypothesis
from Lemma 6.2 is the condition that 2 divides |G : L|. We deduce, therefore, that |G : L| is odd.
Now (G, K , L, θ,ϕ) is a character-ﬁve and K/L has odd order, and by the discussion of Section 2,
there exists a good complement U for (G, K , L, θ,ϕ) in G , and β vanishes on elements of G not
contained in some conjugate of U .
Let C = CG(K/L), and write D = C ∩ U . Then K ⊆ C  G , and D is normalized by both K and U .
It follows that D  G , and we see that C/D is G-isomorphic to K/L. Since K/L is central in C/L, all
extensions of μ to K have the same stabilizer B in C , and it follows that B  G . Each irreducible
constituent ξ of γC lies over some extension of μ to K , and hence by the Clifford correspondence, ξ
is induced from the normal subgroup B . Then ξ vanishes on C − B , and it follows that γ vanishes on
C − B , and thus β also vanishes on C − B .
Suppose B < C , and let E = B ∩ D . Then C/E ∼= (C/B)× (C/D) ∼= (C/B)× (K/L), and these isomor-
phisms respect the action of G . We argue that C/B ∼= K/L. To see this, ﬁx an extension ν of μ to K ,
and note that for c ∈ C , we can write νc = νλ for some linear character λ of K/L, where λ is uniquely
determined by c but is independent of the choice of ν . It is easy to check that the map c → λ is a
homomorphism from C to Irr(K/L), and that the kernel of this map is B . Also, if c → λ and g ∈ G ,
we can check that cg → λg , and thus we have a G-isomorphism from C/B into Irr(K/L). Since G acts
irreducibly on K/L, it acts irreducibly on Irr(K/L), and thus our map must be surjective, and C/B is
G-isomorphic to Irr(K/L) ∼= (K/L)∗ , the dual module of K/L. But recall that ϕ ∈ Irr(L) is fully ramiﬁed
in K and invariant in G , and hence the G-module K/L carries a nondegenerate G-invariant symplectic
form. (See Theorems 2.3 and 2.7 of [3].) Then (K/L)∗ ∼= K/L as G-modules, and thus C/B ∼= K/L as
claimed, and we have C/E ∼= (K/L) × (K/L).
Now let τ be the unique irreducible constituent of βE . Then τ induces a G-invariant symplectic
form on C/E ∼= (K/L) × (K/L) by Theorem 2.3 of [3], and since G/E has odd order, a theorem of
Dade guarantees that there is some nontrivial totally isotropic simple G-submodule X/E ⊆ C/E . (See
2.10, 1.10 and the last sentence of Section 2 of [1].) Then τ is not fully ramiﬁed with respect to the
chief factor X/E of G , and it follows that β does not vanish on X − E . We conclude that X 	= D since
otherwise, X − E = D − E is contained in C − B , and we have seen that β vanishes on C − B .
Since X 	= D , we have E = X ∩ D = X ∩ C ∩ U = X ∩ U . If g ∈ G , then E = Eg = X ∩ U g , and hence
no element of X − E lies in a conjugate of U . It follows that β vanishes on X − E , and we have a
contradiction.
We can assume now that B = C , and thus C acts trivially on the set S of extensions of μ to K . In
fact, C is the full kernel of the action of G on S since an element of G that ﬁxes all characters in S
must act trivially on K/L.
We know that all irreducible constituents of γK are extensions of μ, and so they lie in S . We
argue next that S is exactly the set of irreducible constituents of γK . Since θ is fully ramiﬁed with
respect to K/L, we see that θ vanishes on K − L, and thus β vanishes on K − L. It follows that γ
vanishes on K − L, and thus γK is invariant under multiplication by linear characters of K/L. But
this multiplication action is transitive on S , and thus every member of S is a constituent of γK , as
claimed. It follows that G acts transitively by conjugation on S , and thus the faithful action of G/C
on S is transitive.
Now G/C is a transitive permutation group on the set S , and |S| = |K : L| > 1. In particular,
G/C is nontrivial, and we can choose a minimal normal subgroup F/C , which is a p-group for some
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size, and thus p divides |S| = |K/L|, and hence K/L is a p-group. Since C = CG(K/L), it follows that
the p-group F/C acts on the p-group K/L, and since K/L is a chief factor of G and F  G , this action
must be trivial. This is a contradiction since F > C = CG(K/L). 
Finally, we present an example of characters β,γ ∈ Irr(G), where G is solvable (of even order),
β is primitive and γ is not, and such that |β(x)| = |γ (x)| for all x ∈ G .
Let Q = Q 8, the quaternion group of order 8, and observe that there is a faithful action of Q on
an extraspecial group P of order 27 and exponent 3, where Q acts trivially on Z(P ). This yields a
natural action of Q on the external direct product K = P × P = {(x, y) | x, y ∈ P }, and we consider
the corresponding semidirect product G = K  Q . Let Z = Z(K ), and observe that as a Q -module,
K/Z is isomorphic to the direct product of two isomorphic 2-dimensional Q -modules, each of which
is absolutely irreducible over the ﬁeld of order 3.
Let α ∈ Irr(P ) have degree 3, and observe that α lies over a nonprincipal linear character λ of
Z(P ), and α is Q -invariant. Then α ×α and α ×α are G-invariant irreducible characters of K , and so
each of these characters extends to G . Choose extensions β of α × α and γ of α × α. We argue that
ββ = γ γ , and thus |β(x)| = |γ (x)| for all x ∈ G .
We have character-ﬁves (G, K , Z ,α × α,λ × λ) and (G, K , Z ,α × α,λ × λ), and we observe that
all complements to K/Z in G are conjugate to U = Z Q , and thus U is a good complement for both
character-ﬁves. Now let ψ be the magic character corresponding to the ﬁrst of these character-ﬁves,
and note that ψ(1) = 9 since |K : Z | = 81. Let δ ∈ Irr(U ) correspond to β in the associated correspon-
dence. Then βU = ψU δ and δG = ψβ , and we see that δ is linear. We have
ψββ = β(δ)G = (βU δ)G = (ψU δδ)G = ψ(1U )G ,
and it follows from the fact that ψ is nonvanishing that ββ = (1U )G . A similar computation shows
that also γ γ = (1U )G , and hence ββ = γ γ , as wanted.
Next, we begin work to show that β is primitive but that γ is not. Since K/Z is the direct sum
of two isomorphic absolutely irreducible Q -modules over a ﬁeld of order 3, it follows that there
are exactly four proper Q -invariant subgroups of K that properly contain Z , and each of these has
index 9. These four subgroups are
R1 =
{
(x, y)
∣∣ x ∈ P , y ∈ Z(P )},
R2 =
{
(x, y)
∣∣ x ∈ Z(P ), y ∈ P},
R3 =
{
(x, y)
∣∣ x, y ∈ P , xy ∈ Z(P )},
R4 =
{
(x, y)
∣∣ x, y ∈ P , xy−1 ∈ Z(P )},
and their derived subgroups are
(R1)
′ = {(z,1) ∣∣ z ∈ Z(P )}, (R2)′ =
{
(1, z)
∣∣ z ∈ Z(P )}
and
(R3)
′ = {(z, z) ∣∣ z ∈ Z(P )}= (R4)′.
In particular, the central subgroup
ker(α × α) = ker(λ × λ) = {(z, z−1) ∣∣ z ∈ Z(P )}
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ker(α × α) = ker(λ × λ) = {(z, z) ∣∣ z ∈ Z(P )}
is the derived subgroup of R3 and of R4.
Now γ extends α × α, and since (R3)′ ⊆ ker(α × α), it follows that γR3 is a sum of nine linear
characters. Then γR3Q must have a linear constituent, and since |G : R3Q | = 9 = γ (1), this linear
character induces γ . This shows that γ is monomial, and in particular, it is not primitive. (Of course,
γ is also induced from linear characters of R4Q .)
Finally, to show that β is primitive, suppose that β = μG , where μ ∈ Irr( J ) and J is a maximal
subgroup of G . Then |G : J | divides β(1) = 9, so replacing J by a conjugate if necessary, we can
assume that Q ⊆ J . Also, Z = Z(G) ⊆ J , and thus K ∩ J is a proper Q -invariant subgroup of K
containing Z . Also |K : K ∩ J | = |G : J |, which divides 9, and thus K ∩ J = Ri , where i ∈ {1,2,3,4},
and for notational clarity, we write R = Ri . Now |G : J | = |K : R| = 9 = β(1), and thus μ must be
linear. Also, since
(μR)
K = (μG)K = βK = α × α,
we see that (α × α)R has the linear constituent μR . It follows that the subgroup R ′  G is contained
in ker(α × α), and this contradiction shows that β is primitive, as desired.
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